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Hybrid superconductor-semiconductor nanowires with Rashba spin-orbit coupling are arguably
becoming the leading platform for the search of Majorana bound states (MBSs) in engineered topo-
logical superconductors. We perform a systematic numerical study of the low-energy Andreev spec-
trum and supercurrents in short and long superconductor-normal-superconductor junctions made
of nanowires with strong Rashba spin-orbit coupling, where an external Zeeman field is applied per-
pendicular to the spin-orbit axis. In particular, we investigate the detailed evolution of the Andreev
bound states from the trivial into the topological phase and their relation with the emergence of
MBSs. Due to finite length, the system hosts four MBSs, two at the inner part of the junction and
two at the outer one. They hybridize and give rise to a finite energy splitting at superconducting
phase difference φ = pi, a well-visible effect that can be traced back to the evolution of the energy
spectrum with the Zeeman field: from the trivial phase with Andreev bound states into the topo-
logical phase with MBSs. Similarly, we carry out a detailed study of supercurrents for short and
long junctions from the trivial to the topological phases. The supercurrent, calculated from the An-
dreev spectrum, is 2pi-periodic in the trivial and topological phases. In the latter it exhibits a clear
sawtooth profile at phase difference of pi when the energy splitting is negligible, signalling a strong
dependence of current-phase curves on the length of the superconducting regions. Effects of tem-
perature, scalar disorder and reduction of normal transmission on supercurrents are also discussed.
Further, we identify the individual contribution of MBSs. In short junctions the MBSs determine
the current-phase curves, while in long junctions the spectrum above the gap (quasi-continuum)
introduces an important contribution.
I. INTRODUCTION
A semiconducting nanowire with strong Rashba spin-
orbit coupling (SOC) with proximity-induced s-wave su-
perconducting correlations can be tuned into a topo-
logical superconductor by means of an external Zee-
man field.1–3 This topological phase is characterized by
the emergence of zero-energy quasiparticles with Majo-
rana character localized at the nanowire ends. These
Majorana bound states (MBSs) are attracting a great
deal of attention owing to their potential for topolog-
ical, fault-tolerant quantum computation.4–6 Tunneling
into such zero-energy MBSs results in a zero-bias peak
of high 2e2/h in the tunnelling conductance in normal-
superconductor (NS) junctions due to perfect Andreev
reflection into a particle-hole symmetric state.7 Early
tunnelling experiments in NS junctions8–12 reported zero-
bias peak values much less than the predicted 2e2/h.
This deviation from the ideal prediction, together with
alternative explanations of the zero-bias peak, resulted
in controversy regarding the interpretation. Recent ex-
periments have reported significant fabrication improve-
ments and high-quality semiconductor-superconductor
interfaces13–16 with an overall improvement on tunnelling
data that strongly supports the observation of MBS.17–21
Given this experimental state-of-the-art22, new ge-
ometries and signatures beyond zero-bias peaks in NS
junctions will likely be explored in the near future.
Among them, nanowire-based superconductor-normal-
superconductor (SNS) junctions are very promising since
they are expected to host an exotic fractional 4pi-periodic
Josephson effect,4,23,24 signalling the presence of MBSs
in the junction. While this prediction has spurred a
great deal of theoretical activity,25–32 experiments are
still scarce,33 arguably due to the lack of good junc-
tions until recently. The situation is now different and,
since achieving high-quality interfaces is no longer an
issue, Andreev level spectroscopy and phase-biased su-
percurrents should provide additional signatures for the
unambiguous detection of MBSs in nanowire SNS junc-
tions. Similarly, multiple Andreev reflection transport in
voltage-biased SNS junctions34,35 is another promising
tool to provide further evidence of MBSs.36
Motivated by this, we here present a detailed numerical
investigation of the formation of Andreev bound states
(ABSs) and their evolution into MBSs in nanowire-based
short and long SNS junctions biased by a superconduct-
ing phase difference φ. Armed with this information, we
also perform a systematic study of the phase-dependent
supercurrents in the short and long junction limits. Due
to finite length, the junction always hosts four MBSs in
the topological regime: apart from the MBSs located at
the junction (inner MBSs), two extra MBSs are located
at the nanowire ends (outer MBSs). Despite the early
predictions4,23,24 of a 4pi-periodic Josephson effect in su-
perconducting junctions containing MBSs, in general we
demonstrate that the unavoidable overlap of these MBSs
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2renders the equilibrium Josephson effect 2pi-periodic26,27
in short and long junctions, since they hybridize either
through the normal region or through the superconduct-
ing regions giving rise to a finite energy splitting at phase
difference φ = pi. As an example, our calculations show
that, for typical InSb parameters, one needs to consider
junctions with long superconducting segments of the or-
der of LS ≥ 4µm, where LS is the length of the S regions,
in order to have negligible energy splittings.
In particular, we show that in short junctions with
LN  ξ, where LN is the normal region length and ξ
is the superconducting coherence length, the four MBSs
(inner and outer) are the only levels within the induced
gap. On the contrary, the four MBSs coexist with ad-
ditional levels in long junctions with LN  ξ, which
affect their phase dependence. Despite this difference,
we demonstrate that the supercurrents in both limits ex-
hibits a clear sawtooth profile when the energy splitting
near φ = pi is small, therefore signalling the presence of
weakly overlapping MBSs. We find that while this saw-
tooth profile is robust against variations in the normal
transmission and scalar disorder, it smooths out when
temperature effects are included, making it a fragile, yet
useful, signature of MBSs.
We identify that in short junctions the current-phase
curves are mainly determined by the levels within the
gap, the four MBSs, with only very little quasi-continuum
contribution. In long junctions, however, all the levels
within the gap, MBSs and the additional levels due to
longer normal region together with the quasi-continuum
determine the current-phase curves. In this situation,
the additional levels that arise within the gap disperse
almost linearly with φ and therefore affect the features
of the supercurrents carried by MBSs only.
Another important feature we find is that the current-
phase curves do not depend on LS in the trivial phase (for
both short and long junctions), while they strongly de-
pend on LS in the topological phase. Our results demon-
strate that this effect is purely connected to the splitting
of MBSs at φ = pi, indicating another unique feature con-
nected with the presence of MBSs in the junction. In fact,
the maximum of such current-phase curves in the topo-
logical phase increases as the splitting is reduced, saturat-
ing when the splitting is completely suppressed. This, to-
gether with the sawtooth profile in current-phase curves,
correspond to the main findings of this work. Results pre-
sented here therefore strongly complement our previous
study on critical currents37 and should provide useful in-
sight for future experiments looking for Majorana-based
signatures in nanowire-based SNS junctions.
The paper is organised as follows. In Sec. II we
describe the model for semiconducting nanowires with
SOC, where we show that only the right combination
of Rashba SOC, a Zeeman field perpendicular to the
spin-orbit axis and s-wave superconductivity leads to the
emergence of MBSs. Similar results have been presented
elsewhere but we include them here for the sake of read-
ability of the next sections. In Sec. III we discuss how
FIG. 1. (Color online) A semiconducting nanowire with
Rashba SOC is placed on a s-wave superconductor (S’) with
pairing potential ∆S′ and it is subjected to an external mag-
netic field B (denoted by the black arrow). Superconduct-
ing correlations are induced into the nanowire via proximity
effect, thus becoming superconducting with induced pairing
potential ∆S < ∆S′ .
nanowire-based SNS junctions can be readily modelled
using the tools of Sec. II. Then, we describe the low-
energy Andreev level spectrum and its evolution from
the trivial into the topological phase with the emergence
of MBSs. In the same section, we report results on the
supercurrent which exhibit a sawtooth profile at φ = pi
as a signature of the emergence of MBSs. In Sec. IV we
present our conclusions. For completeness, in App. A we
show localization and exponential decay as well as homo-
geneous oscillations of the MBSs in wires and SNS junc-
tions. Additional calculations of the Zeeman dependent
low-energy spectrum in SNS junctions are also presented.
II. NANOWIRE MODEL
The aim of this part is to properly describe the emer-
gence of MBSs in semiconducting nanowires with SOC.
We consider a single channel nanowire in one-dimension
with SOC and Zeeman interactions, whose model Hamil-
tonian is given by38–43
H0 =
p2x
2m
− µ− αR
~
σypx +Bσx , (1)
where px = −i~∂x is the momentum operator, µ the
chemical potential which determines the filling of the
nanowire, αR represents the strength of Rashba spin-
orbit coupling, B = gµBB/2 is the Zeeman energy as
a result of the applied magnetic field B in the x-direction
along the wire, g is the wire’s g-factor and µB the Bohr
magneton. Parameters for InSb nanowires include8 in-
clude the electron’s effective mass m = 0.015me, with
me the electron’s mass, and the spin-orbit strength αR =
20 meVnm.
We consider a semiconducting nanowire placed in con-
tact with an s-wave superconductor with pairing po-
3tential ∆S′ (which is in general complex) as schemati-
cally shown in Fig. 1. Electrons in such nanowire feel
an effective superconducting pairing potential as a re-
sult of the so-called proximity effect.44,45 In order to
have a good proximity effect, a highly transmissive in-
terface between the nanowire and the superconductor is
required, so that electrons can tunnel between these two
systems.13–16 This results in a superconducting nanowire,
with a well defined induced hard gap (namely, with-
out residual quasiparticle density of states inside the
induced superconducting gap). The model describing
such proximitized nanowire can be written in the basis
(ψ↑, ψ↓, ψ
†
↑, ψ
†
↓) as
H =
(
H0 ∆S(x)
∆†S(x) −H∗0
)
, (2)
where ∆S < ∆S′ . Since superconducting correlations are
of s-wave type, the pairing potential is given by
∆S(x) = iσy ∆ e
iφ , (3)
where φ is the superconducting phase. We set φ = 0 when
discussing superconducting nanowires, while the SNS ge-
ometry of course allows a finite phase difference φ 6= 0
across the junction.
It was shown1,2,46 that the nanowire with Rashba SOC
and in proximity to an s-wave superconductor, described
by Eq. (2), contains a topological phase characterized by
the emergence of MBSs localized at the wire’s ends. This
can be understood as follows. The interplay of all these
ingredients generates two intraband p-wave pairing or-
der parameters ∆−−,++(k) = (±αRk∆)/
√
B2 + α2Rk
2
and one interband s-wave ∆+− = (B∆)/
√
B2 + α2Rk
2,
where + and − denote the Rashba bands of H0. The
gaps associated to the ± BdG spectrum are different and
correspond to the inner and outer part of the spectrum,
denoted by ∆1,2 at low and high momentum, respectively.
These gaps depend in a different way on the Zeeman field.
Indeed, as the Zeeman field B increases the gap ∆1, re-
ferred to as the inner gap, is reduced while ∆2, referred to
as the outer gap, is slightly reduced although for strong
SOC it remains roughly constant. The inner gap ∆1
closes at B = Bc and reopens for B > Bc giving rise to
the topological phase, while the outer gap remains finite.
The topological phase is effectively reached due to the
generation of an effective p-wave superconductor, which
is the result of projecting the system Hamiltonian onto
the lower band (−) keeping only the intraband p-wave
pairing ∆−−.1,2 Deep in the topological phase B > Bc,
the lowest gap is ∆2.
In order to elucidate and visualise the topological tran-
sition, we first analyse the low-energy spectrum of the
superconducting nanowire. This spectrum can be nu-
merically obtained by discretising the Hamiltonian given
by Eq. (1) into a tight-binding lattice
H0 =
∑
i
c†i h ci +
∑
<ij>
c†i v cj + h.c. , (4)
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FIG. 2. (Color online) Low-energy spectrum of a supercon-
ducting nanowire as function of the Zeeman field B. (a) At
zero superconducting pairing with finite SOC the spectrum
is gapless and becomes spin polarized at B = µ as indicated
by the green dashed line, (b) while a finite superconducting
pairing with zero SOC induces a gap for low values of B. As
B increases, the induced gap is reduced and closed at B = ∆
(vertical magenta dash-dot line). Bottom panels (c-d) corre-
spond to both finite superconducting pairing and SOC for (c)
LS = 4000 nm and (d) LS = 10000 nm. Notice that as the
Zeeman field increases the spectrum exhibits the closing of
the gap at B = Bc. While in the trivial phase, B < Bc, there
are no levels within the reduced gap (bottom panels), in the
topological phase, B > Bc, the two lowest levels develop and
oscillatory behaviour around zero energy (c). These lowest
levels are the celebrated MBSs. For long enough wires (d)
the amplitude of the oscillations is reduced and such levels
acquire zero energy. Solid red, green and dashed cyan curves
indicate the induced gaps ∆1,2 and min(∆1,∆2). Parame-
ters: α0 = 20 meVnm, µ = 0.5 meV and ∆ = 0.25 meV and
LS = 4000 nm (for top panels).
where the symbol < ij > means that v couples nearest-
neighbor i, j sites; h = (2t−µ)σ0 +Bσx and v = −tσ0 +
itSOσy are matrices in spin space, t = ~2/(2m∗a2) is
the hopping parameter and tSOC = αR/(2a) the SOC
hopping. The dimension of H0 is set by the number of
sites of the wire. Then, it is written in Nambu space as
given by Eq. (2). Such Hamiltonian is then diagonalized
numerically with its dimensions given by the number of
sites NS of the wire. Since this description accounts for
finite length wires, it is appropriate for investigating the
overlap of MBSs. The length of the superconducting wire
is LS = NSa, where NS is the number of sites and a the
lattice spacing. As we mentioned, the superconducting
phase in the order parameter is assumed to be zero as it
is only relevant when investigating Andreev bound states
in SNS junctions.
In Fig. 2 we present the low-energy spectrum for a su-
perconducting nanowire as a function of the Zeeman field
at fixed wire’s length LS. Fig. 2(a) shows the case of
zero superconducting pairing and finite SOC (∆ = 0,
4αR 6= 0), while Fig. 2(b) a situation of finite pairing but
with zero SOC (∆ 6= 0, αR = 0). These two extreme
cases are very helpful in order to understand how a topo-
logical transition occurs when the missing ingredient (ei-
ther superconducting pairing of finite SO) is included.
This is illustrated in the bottom panels, which corre-
spond to both finite SOC and superconducting pairing for
LS < 2ξM and LS > 2ξM, respectively. Here, ξM repre-
sents the Majorana localisation length, which is obtained
after solving numerically the polynomial equation1,31
k2+4(µ+Cα2R)Ck
2+8λC2∆αRk+4C0C
2 = 0, obtained
from Eq. (2), where C = m/~2 and C0 = µ2 + ∆2 − B2.
We define the Majorana localization length as ξM =
max[−1/ksol], where {ksol} are solutions to the previous
polynomial equation.
For the sake of the explanation, we plot the spectrum
in the normal state (∆ = 0), Fig. 2(a), which is, of course,
gapless. As the Zeeman field increases, the energy levels
split and, within the weak Zeeman phase, B < µ, the
spectrum contains energy levels with both spin compo-
nents. In the strong Zeeman phase, B > µ, one spin sec-
tor is completely removed giving rise to a spin-polarised
spectrum at low energies as one can indeed observe in
Fig. 2(a). The transition point from weak to strong Zee-
man phases is marked by the chemical potential B = µ
(green dashed line). Fig. 2(b) shows the low-energy spec-
trum at finite superconducting pairing, ∆ 6= 0, and zero
SOC, αR = 0. Firstly, we notice, in comparison with
Fig. 2(a), that the superconducting pairing induces a gap
with no levels for energies below ∆ at B = 0. This is
in accordance with the Anderson’s theorem which pre-
vents the existence of bound states inside the gap of an
s-wave superconductor for non-magnetic impurities.47 A
finite magnetic field induces a so-called Zeeman depair-
ing, which results in a complete closing of the induced
superconducting gap when B exceeds ∆. This is indeed
observed in Fig. 2(b) (magenta dash-dot line). Further
increasing of the Zeeman field in this normal state gives
rise to a region for ∆ < B < Bc which depends on the
finite value of the chemical potential (between red and
magenta lines) where the energy levels contain both spin
components (for µ = 0 magenta dash-dot and red dashed
lines coincide, not shown). Notice that Bc =
√
∆2 + µ2.
On the other hand, for B > Bc, one spin sector is re-
moved and the energy levels are spin polarised, giving
rise to a set of Zeeman crossings which are not pro-
tected. Remarkably, when αR 6= 0, the low-energy spec-
trum undergoes a number of important changes , Fig. 2(c-
d). First, the gap closing changes from ∆, Fig. 2(b), to
Bc =
√
∆2 + µ2 (bottom panels). Second, a clear closing
of the induced gap atB = Bc and reopening forB > Bc is
observed as the Zeeman field increases. This can be seen
by plotting the induced gaps ∆1,2, which are finite only
at finite Zeeman field. In Fig. 2(d) red, green and dashed
cyan curves correspond to ∆1, ∆2 and min(∆1,∆2). Re-
markably, the closing and reopening of the induced gap in
the spectrum exactly (up to some finite size corrections)
follows the gaps ∆1,2 derived from the continuum. Third,
the spin polarised energy spectrum shown in Fig. 2(b)
at zero SOC for B > Bc is washed out, keeping only
the crossings around zero energy of the two lowest lev-
els. Such closing and reopening of the spectrum at the
critical field Bc signals a topological transition where the
two remaining lowest energy levels for B > Bc are the
well-known MBSs. Owing to the finite length LS, the
MBSs exhibit the expected oscillatory behaviour due to
their finite spatial overlap.48–51 For long enough wires
LS  2ξM, the amplitude of the oscillations is consid-
erable reduced (even negligible), which pins the MBSs
to zero energy. Fourth, the SOC introduces a finite en-
ergy separation between the two lowest levels (crossings
around zero) and the rest of the low-energy spectrum de-
noted here as topological minigap. Notice that the value
of this minigap, related to the high momentum gap ∆2,
remains finite and roughly constant for strong SOC. In
the case of weak SOC the minigap is reduced and for high
Zeeman field it might acquire very small values, affecting
the topological protection of the MBSs.
To complement this introductory part, calculations of
the wavefunctions and charge density associated with the
lowest levels of the topological superconducting nanowire
spectrum are presented in Appendix A.
III. NANOWIRE SNS JUNCTIONS
In this part, we concentrate on SNS junctions based
on the proximitized nanowires that we discussed in the
previous section. The basic geometry contains left (SL)
and right (SR) superconducting regions of length LS sep-
arated by a central normal (N) region of length LN, as
shown in Fig. 3. The regions N and SL(R) are described by
the tight-binding Hamiltonian H0 given by Eq. (4) with
their respective chemical potentials, µN, µSL(R) .
The Hamiltonian describing the SNS junction without
superconductivity is then given by
hSNS =
 HSL HSLN 0H†SLN HN HNSR
0 H†NSR HSR
 (5)
where HSi with i = L/R and HN are the Hamiltonians
of the superconducting and normal regions, respectively.
HSiN and HNSi are the Hamiltonians that couple Si to
the normal region N . The elements of these coupling ma-
trices are zero everywhere except for adjacent sites that
lie at the interfaces of the S regions and of the N region.
In order to control the normal transmission TN across
these junctions, this coupling is parametrized by a hop-
ping matrix v0 = τ v between the sites that define the in-
terfaces of the junction, where τ ∈ [0, 1]. The parameter
τ controls the normal transmission that ranges from fully
transparent (τ = 1) to tunnel (τ ≤ 0.6), as discussed in
Ref. 37 for short junctions, being also valid for long junc-
tions. The superconducting regions of the nanowire are
characterized by chemical potential µSL(R) and uniform
5FIG. 3. (Color online) Schematic of SNS junctions based on
Rashba nanowires. Top: A nanowire with Rashba SOC of
length L = LS +LN +LS placed on top of two s-wave super-
conductors (S’) with pairing potentials ∆S′ and subjected to
an external magnetic field B (denoted by the black arrow).
Superconducting correlations are induced into the nanowire
via proximity effect. Bottom: Left and right regions of the
nanowire become superconducting, denoted by SL and SR,
with induced pairing potentials ∆SL(R) < ∆S′ and chemical
potentials µSL(R) , while the central region remains in the nor-
mal state with ∆N = 0 and chemical potential µN. This
results in a Superconductor-Normal-Superconductor (SNS)
junction.
superconducting pairing potential52,53 ∆SL = ∆¯ e
−iφ/2
and ∆SR = ∆¯ e
iφ/2, where ∆ < ∆S′ and ∆¯ = iσy∆ .
The central region of the nanowire is in the normal state
without superconductivity, ∆N = 0, and with chemical
potential µN. Thus, the pairing potential matrix in the
junction space reads
∆SNS =
∆SL 0 00 ∆N 0
0 0 ∆SR
 =
∆0,S eiφL 0 00 0 0
0 0 ∆0,S e
iφR
 ,
(6)
Next, we define the phase difference across the junction
as φR − φL = φ.
Therefore, the Hamiltonian for the full SNS junction
reads in Nambu space31,37
HSNS =
(
hSNS ∆SNS
∆†SNS −h∗SNS
)
. (7)
In what follows, we discuss short (LN  ξ) and long
(LN  ξ) SNS junctions, where LN is the length of the
normal region and ξ = ~vF /∆ the superconducting co-
herence length.52 The previous Hamiltonian is diagonal-
ized numerically and in our calculations we consider real-
istic system parameters for InSb as described previously.
A. Low-energy Andreev spectrum
Now, we are in position to investigate the low-energy
Andreev spectrum in short (LN  ξ) and long (LN  ξ)
SNS junctions. In particular, we discuss the formation of
Andreev bound states and their evolution from the triv-
ial (B < Bc) into the topological phases (B > Bc). For
-1
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FIG. 4. (Color online) Low-energy Andreev spectrum as a
function of the superconducting phase difference φ in a short
SNS junction with LN = 20 nm and LS = 2000 nm. Differ-
ent panels show the evolution with the Zeeman field: trivial
phase for B < Bc, topological transition at B = Bc, and in
the topological phase for B > Bc. The energy spectrum ex-
hibits the two different gaps which appear in the system for
finite Zeeman field (marked by red and green dashed hori-
zontal lines). Notice that after the gap inversion at B = Bc,
two MBSs emerge at the ends of the junction as almost disper-
sionless levels (outer MBSs), while additionally two MBSs ap-
pear at φ = pi (inner MBSs). Parameters: αR = 20 meVnm,
µN = µS = 0.5 meV and ∆ = 0.25 meV.
this purpose we focus on the phase and Zeeman depen-
dent low-energy spectrum in short and long junctions,
presented in Figs. 4 and 6 for LS ≤ 2ξM. For complete-
ness we also present the case of LS  2ξM in Figs. 5 and
7.
We first discuss short junctions with LS ≤ 2ξM. In this
regime at B = 0 two degenerate ABSs appear within ∆
as solutions to the BdG equations described by Eq. (7),
see Fig. 4(a). Note that even this non-topological case
is anomalous as the ABS energies do not reach zero at
φ = pi, unlike predicted by the standard theory for a
transparent channel within the Andreev approximation
µS  ∆.54 The dense amount of levels above |εp| > ∆
represents the quasi-continuum of states, which consists
of a discrete set of levels due to the finite length of the
N and S regions. Moreover, it is worth to point out
that the detachment (space between the ABSs and quasi-
continuum) of the quasi-continuum at φ = 0 and 2pi is
not zero, something that strongly depends on the finite
length of the S regions (see Fig. 5).
For a non-zero Zeeman field, Fig. 4(b,c), the ABSs
split and the two different gaps ∆1 and ∆2, discussed
in Sec. II, emerge indicated by dash-dot red and dashed
green lines, respectively. By increasing the Zeeman field,
the low momentum gap ∆1 gets reduced (dash-dot red
line), as expected, while the gap ∆2 (dashed green line)
remains finite although it gets slightly reduced as shown
in Fig. 4(b,c). For stronger, but unrealistic values of,
6SOC we have checked that ∆2 is indeed constant. No-
tice that the two lowest levels in this regime, within ∆1
(dash-dot red line), develop a loop with two crossings
that are independent of the S regions length but exhibit
a strong dependence on the SOC, Zeeman field and chem-
ical potential. Indeed, we have checked that they appear
due to the interplay of SOC and Zeeman field and dis-
appear when µ acquires very large values, namely, in the
Andreev approximation.
At B = Bc, the energy spectrum exhibits the closing of
the low momentum gap ∆1, as indicated by red dash-dot
line in Fig. 4(d). This signals the topological phase tran-
sition, since two gapped topologically different phases can
only be connected through a gap closing. By further in-
creasing the Zeeman field, Figs. 4(e,f), B > Bc, the inner
gap ∆1 acquires a finite value again; this reopening of the
gap ∆1 indicates that the system enters into the topo-
logical phase and the superconducting regions denoted
by SL(R) become topological, while the N region remains
in the normal state. Thus, MBSs are expected to appear
for B > Bc at the ends of the two topological super-
conducting sectors, since they define interfaces between
topologically different regions.
This is what we indeed observe for B > Bc in
Fig. 4(e,f), where the low energy spectrum has Majo-
rana properties. In fact, for B > Bc, the topological
phase is characterised by the emergence of two (almost)
dispersionless levels with φ, which represent the outer
MBSs γ1,4 formed at the ends of the junction. Addi-
tionally, the next two energy levels strongly depend on φ
and tend towards zero at φ = pi, representing the inner
MBSs γ2,3 formed inside the junction. For sufficiently
strong fields, B = 2Bc, the lowest gap is ∆2 indicated by
green dashed line, which in principle bounds the MBSs.
The quasi-continuum in this case corresponds to the dis-
crete spectrum above and below ∆2, where ∆2 is the
high momentum gap marked by green dashed horizon-
tal line in Fig. 4(e,f). The four MBSs develop a large
splitting around φ = pi which arises when the MBSs
wave-functions have a finite spatial overlap LS ≤ 2ξM.
Since the avoided crossing between the dispersionless lev-
els (belonging to γ1,4) and the dispersive levels (belong-
ing to γ2,3) around φ = pi depends on the overlap be-
tween MBSs on each topological segment, it can be used
to quantify the degree of Majorana non-locality.55 This
can be explicitly checked by considering SNS junctions
with longer superconducting regions, where the condi-
tion LS  2ξM is fulfilled such that the energy splitting
at φ = pi is reduced. As an example, we present in Fig. 5
the energy levels as a function of the phase difference for
LS  2ξM, where the low-energy spectrum undergoes
some important changes. First, we notice in Fig. 5 that
the energy spectrum at B = 0 for |εp| > ∆, exhibits a vis-
ible denser spectrum than in Fig. 4 signalling the quasi-
continuum of states. Notice that in the topological phase,
B > Bc, the lowest two energy levels, associated to the
outer MBSs, are insensitive to φ remaining at zero energy.
Thus, they can be considered as truly zero modes. On
FIG. 5. (Color online) Low-energy Andreev spectrum as a
function of the superconducting phase difference in a short
SNS junction with LN = 20 nm and LS = 10000 nm. Notice
that in this case, the emergent outer MBSs are dispersionless
with φ, while the inner ones touch zero at φ = pi acquiring
Majorana character. Parameters: αR = 20 meVnm, µN =
µS = 0.5 meV and ∆ = 0.25 meV.
the other hand, the inner MBSs are truly bound within
∆2, unlike Fig. 4, and for φ = 0 and φ = 2pi they merge
with the quasi-continuum at ±∆. Thus, an increase in
the length of the superconducting regions favours the re-
duction of the detachment between the discrete spectrum
and the quasi-continuum at 0 and 2pi, as it should be for
a ballistic junction.23,24 Moreover, the energy splitting
at φ = pi is considerable reduced, even negligible. How-
ever, it will be always non-zero, though not visible to the
naked eye, due to the finite length and thus due to the
presence of the outer MBSs.
The low-energy spectrum as a function of the supercon-
ducting phase difference for different values of the Zee-
man field in long SNS junctions (LN  ξ) is presented
in Fig. 6 for LS ≤ 2ξM. We additional show in Fig. 7 the
case for LS  2ξM.
As expected, long junctions contain more levels within
the energy gap ∆, see Figs. 6(a) and 7(a), as compared
with short junctions. As we shall discuss, this eventually
affects the signatures of Majorana origin for B > Bc,
namely, the ones corresponding the the lowest four levels,
in the supercurrents.
The above discussion can be clarified by considering
the dependence of the low-energy spectrum on the Zee-
man field at fixed phase difference φ = 0 and φ = pi. This
is shown in Fig. 8 (short junction limit) and Fig.9 (long
junction limit) for LS ≤ 2ξM (a,c) and LS  2ξM (b,d),
and for intermediate junctions in Fig. 19 of the Appendix.
In panels (a,b) the gaps ∆1, ∆2 and min(∆1,∆2) in solid
red, solid green and dashed cyan is also plotted to visu-
alize the gap closing and reopening discussed in previous
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FIG. 6. (Color online) Same as in Fig. 4 for a long SNS junc-
tion with LN = 2000 nm and LS = 2000 nm. Notice that the
four lowest states for B > Bc coexist with additional levels
within ∆.
FIG. 7. (Color online)(Color online) Same as in Fig. 5 for a
long SNS junction with LS = 10000 nm. Note that in this
case, the outer MBSs lie at zero energy and the inner ones
reach zero at φ = pi acquiring Majorana character. Notice
that the four lowest levels coexist with additional levels which
arise because LN is longer.
section. In all cases, it is clear that MBS smoothly evolve
from the lowest ABS either following the closing of the
induced gap, ∆1 indicated by solid red curve, at φ = 0 or
evolving from the lowest detached levels at φ = pi. The
latter first cross zero energy, owing to Zeeman splitting,
and eventually become four low-energy levels oscillating
out of phase around zero energy (Fig. 8(c)). The emer-
gence of these oscillatory low-energy levels, separated by
a minigap (∆2 indicated by solid green curve) from the
quasi-continuum, characterizes the topological phase of
the SNS junction. As expected, the oscillations get com-
pletely reduced for LS  2ξM and the four levels at φ = pi
become degenerate at zero energy, see Fig. 8(b,d).
FIG. 8. (Color online) Low-energy Andreev spectrum as a
function of the Zeeman field in a short SNS junction at (a,b)
φ = 0 and (c,d) φ = pi with (a,c) LS = 2000 nm and (b,d)
LS = 10000 nm. Notice that the low-energy spectrum traces
the gap closing and reopening indicated by the solid red curve
that corresponds to ∆1, while for B > Bc we observe the
emergence of (a) two at φ = 0 and (c) four MBSs at φ = pi
which oscillate around zero energy with B due to LS ≤ 2ξM
within a minigap defined by ∆2 (solid green curve). (b,d) For
LS  2ξM the MBSs are truly zero modes. Parameters: LN =
20 nm, αR = 20 meVnm, µ = 0.5 meV and ∆ = 0.25 meV.
FIG. 9. (Color online) Same as in Fig. 8 but for a long
junction. Parameters: LN = 2000 nm, αR = 20 meVnm,
µ = 0.5 meV and ∆ = 0.25 meV.
An increase in the length of the normal section results
in an increase of the amount of subgap levels as observed
in Figs. 19 and 9. In both cases, in the topological phase,
B > Bc, these additional levels reduce the minigap with
respect to short junctions and also slightly reduce the
amplitude of the oscillations of the energy levels around
zero as seen in Figs. 19(a,b) and 9(a,b). Also, the mini-
gaps for φ = 0 and φ = pi are different, in contrast to
short junctions. In fact, the minigap at φ = 0 is almost
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FIG. 10. (Color online) Supercurrent as a function of the su-
perconducting phase difference in a short SNS junction, I(φ),
for (left column) LS = 2000 nm ≤ 2ξM and (right column)
LS = 10000 nm  2ξM. Top row shows the Josephson cur-
rent in the trivial phase for different values of the Zeeman
field, B < Bc, while bottom row corresponds to different val-
ues of the Zeeman field in the topological phase, B ≥ Bc.
Notice the sawtooth feature at φ = pi for LS  2ξM. Pa-
rameters: αR = 20 meVnm, µ = 0.5 meV, ∆ = 0.25meV and
I0 = e∆/~.
half of the value at φ = pi for the chosen parameters.
This can be understood from the phase dispersion of the
long junction ABS spectra such as the ones in Figs. 6
and 7. For longer N regions this difference can be even
larger.
From the above discussion it is clear that the energy
spectrum of SNS nanowire junctions offers the possibility
to directly monitor the ABSs which trace the gap inver-
sion and eventually evolve into MBSs.
B. Supercurrents
After having established in detail the energy spectrum
in short and long SNS junctions, we now turn our at-
tention to the corresponding phase-dependent supercur-
rents. They can be calculated directly from the discrete
Andreev spectrum εp as
37,54,56
I(φ) = − e
~
∑
p>0
tanh
( εp
2κBT
)dεp
dφ
, (8)
where κB is the Boltzmann constant, T the temperature
and the summation is performed over positive eigenval-
ues εp. By construction, our junctions have finite length
which implies that Eq. (8) exactly includes the discrete
quasi-continuum contribution.
In Figs. 10 and 11 we present supercurrents as a func-
tion of the superconducting phase difference I(φ) for
different values of the Zeeman field in short and long
SNS junctions, respectively. Panels (a,c) correspond to
LS ≤ 2ξM, while (b,d) to LS  2ξM.
Firstly, we discuss the short junction regime, presented
in Fig. 10. At B = 0 the supercurrent I(φ) has a sine-
like dependence on φ, with a relative fast change of sign
around φ = pi that is determined by the derivative of the
lowest energy spectrum profile around φ = pi. This result
is different from usual ballistic full transparent supercur-
rents in trivial SNS junctions,54 where the supercurrent
is proportional to sin(φ/2) being maximum at φ = pi.
This difference from the standard ballistic limit can be
ascribed to deviations from the ideal Andreev approxi-
mation, see also the discussion of Fig. 4(a), owing to the
relatively low chemical potential needed to reach the he-
lical limit and, eventually, the topological regime as Zee-
man increases. At finite values of the Zeeman field B, but
still in the trivial phase B < Bc (dashed and dash-dot
curves), I(φ) undergoes some changes. First, the maxi-
mum value of I(φ) is reduced due to the reduction of the
induced gap that is caused by the Zeeman effect. Sec-
ond, I(φ) develops a zig-zag profile (just before and after
φ = pi) signalling a 0-pi transition in the supercurrent.
This transition arises from the zero-energy crossings in
the low-energy spectrum, see Fig. 4(b,c). As discussed in
previously, these level crossings result from the combined
action of both SOC and Zeeman field at low µ, and in-
troduce discontinuities in the derivatives with respect to
φ. Besides these features, all the supercurrent curves for
B < Bc, for both LS ≤ 2ξM and LS  2ξM, exhibit a
similar behaviour, see Fig. 10. Interestingly, the system
is gapless at the topological transition, B = Bc, but the
supercurrent remains finite, see red curve in Fig. 10(c).
For B > Bc, the S regions of the SNS junction be-
come topological and MBSs emerge at their ends, as
described in the previous subsection. Despite the pres-
ence of MBSs the supercurrent I(φ) remains 2pi-periodic,
namely, I(φ) = I(φ + 2pi). This results from the fact
that we sum up positive levels, only, as we deal with an
equilibrium situation (since the supercurrent is a ground
state property, transitions between the negative and pos-
itive energies around are not allowed since there is an en-
ergy gap originated from Majorana overlaps). Strategies
to detect the presence of MBSs beyond the equilibrium
supercurrents described here include the ac Josephson
effect, noise measurements, switching-current measure-
ments, microwave spectroscopy, dynamical susceptibility
measurements, etc.25–30
As the Zeeman field is further increased in the topolog-
ical phase, B > Bc, the supercurrent tends to decrease
due to the finite Majorana overlaps when LS ≤ 2ξM ,
see dotted and dashed blue curves in Fig. 10(d). On the
other hand, as the length of S becomes larger such that
LS  2ξM the overlap gets reduced, which is reflected in
a clear sawtooth profile at φ = pi, see dotted and dashed
blue curves in Fig. 10(d). This discontinuity in I(φ) de-
pends on LS and results from the profile of the lowest
energy spectrum at φ = pi, as shown in Fig. 5(d). The
sawtooth profile thus indicates the emergence of well-
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FIG. 11. (Color online) Same as in Fig. 10 for a long SNS
junction, LN = 2000 nm. Note that in this case the magnitude
of the supercurrent is reduced, an effect caused by the length
of the normal section.
localized MBSs at the ends of S and represents one of
our main findings.
As discussed above, the supercurrent for B < Bc,
Figs. 10(a,b), does not depend on LS. On the contrary,
the supercurrents in the topological phase, Figs. 10(c,d),
do strongly depend on LS owing to the emergence of
MBSs.
In Fig. 11 we present I(φ) for long junctions LN  ξ
at different values of the Zeeman field. Different panels
correspond to (a,c) LS ≤ 2ξM and (b,d) LS  2ξM. No-
tice that even though the maximum value of the current
is reduced in this regime, the overall behaviour is very
similar to the short junction regime for both B < Bc and
B > Bc. The only important difference with respect to
the short junction case is that I(φ) in the long junction
regime does not exhibit the zig-zag profile due to 0-pi
transitions.
As the system enters into the topological phase for
B > Bc and LS ≤ 2ξM, Fig. 11(c), the maximum su-
percurrent decreases signalling the non-zero splitting at
φ = pi in the low energy spectrum. Deep in the topolog-
ical phase, the supercurrent exhibits a slow (slower than
in the trivial phase Fig. 11(a)) sign change around φ = pi,
and its dependence on φ tends to approach a sine func-
tion. However, for LS  2ξM shown in Fig. 11(d), the
supercurrent acquires an almost constant value as B in-
creases and develops a clear sawtooth profile at φ = pi due
to the zero energy splitting in the low energy spectrum
at φ = pi, similarly to the short junction case. It is worth
to point out that, although the maximum supercurrent
is slightly reduced, deep in the topological phase (dashed
and dotted blue curves) its maximum value is approxi-
mately close to the maximum value in the trivial phase,
which is different to what we found in the short junction
case. This is a clear consequence of the emergence of ad-
ditional levels within the induced gap due to the increase
I/I
0
LS<2ξΜ LS>>2ξΜ
0 1 2φ/pi
I/I
0
0 1 2φ/pi
(a) (b)
(d)(c)
0.2
0
0
inner
levels within lowest gap
-0.2
0.08
-0.08
outer
inner+outer
total
quasi-continuum
FIG. 12. (Color online) Supercurrent as a function of φ at
B = 1.5Bc. Contribution to supercurrent in short (a,b) and
long (c,d) junctions for (a,c) LS ≤ 2ξM and (b,d) LS  2ξM,
respectively. Different curves in (a,b) correspond to individ-
ual contributions to I(φ) from outer, inner, outer+inner (lev-
els within lowest induced gap ∆2), quasi-continuum (levels
above the lowest gap ∆2) and total levels; while in (c,d) the
additional magenta curve corresponds to all levels within ∆2.
Notice that in long junctions the number of levels within ∆2
exceeds the number of MBSs. Notice that MBSs coexist with
additional levels within ∆2. Parameters: αR = 20 meVnm,
µ = 0.5 meV, ∆ = 0.25meV and I0 = e∆/~.
of LN. These additional levels exhibit a strong depen-
dence on the superconducting phase, very similar to the
inner MBSs as one can see in Fig. 6(e,f).
In order to analyse the individual contribution of outer
and inner MBSs with respect to the quasi-continuum we
calculate and identify supercurrents for such situations.
This is presented in Fig. 12 for (a,b) short junctions and
(c,d) for long junctions, for (a,c) LS ≤ 2ξM and (b,d)
LS  2ξM. Remembering that in this regime the lowest
gap is the high momentum gap ∆2, and the levels outside
this gap constitute the quasi-continuum.
Firstly, we discuss short junctions. The supercurrent
due to outer MBSs for LS ≤ 2ξM is finite only around
φ = pi, exhibiting an odd dependence on φ around
pi; however, away from this point it is approximately
zero and independent of φ (see blue curve in Fig. 12(a)).
When LS  2ξM the outer MBSs are very far apart
and their contribution to I(φ) is zero, see blue curve
in Fig. 12(b). On the other hand, the inner MBSs con-
tribution to I(φ) is enormous and the outer part only
slightly changes the shape of the maximum supercurrent
when LS ≤ 2ξM, while for LS  2ξM the outer MBSs
do not contribute, as shown by dashed brown curve in
Fig. 12(a,b). Moreover, the inner contribution follows the
roughly the same dependence on φ as the contribution
of the whole energy spectrum shown in black curve in
Fig. 12(a,b). As described in the previous subsection, the
quasi-continuum is considered to be the discrete energy
spectrum above |εp| > ∆2. The quasi-continuum contri-
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bution to I(φ) is finite and odd in φ around pi, as shown
by green curves in Fig. 12(a,b). The quasi-continuum
contribution to the total supercurrent I(φ) far away from
φ = pi is appreciable mainly when the MBSs exhibit a fi-
nite energy splitting as seen in Fig. 12(a). Interestingly,
the outer and in particular the inner MBSs (levels within
∆2) are the main source when such overlap is completely
reduced and determine the profile of I(φ), as shown in
Fig. 12(b).
In long junctions the situation is a bit different mainly
because more levels emerge within ∆ in the trivial phase.
For B > Bc within ∆2 these additional levels coexist with
the inner and outer MBSs, see Fig. 12(c,d). The contri-
bution of the outer MBSs to I(φ) exhibits roughly sim-
ilar behaviour as for short junctions although smoother
around φ = pi , shown by blue curve in Fig. 12(c,d). The
inner MBSs, however, have a strong dependence on φ
and develop their maximum value close to φ = 2pin with
n = 0, 1, · · · (see red curve), unlike short junctions. The
outer MBSs almost do not affect the overall shape of the
I(φ) curve (see dashed brown curve). Since a long junc-
tion host more levels, we also show in dash-dot magenta
curve the contribution of all the levels within ∆2, includ-
ing also the four MBSs. Notice that such contribution
is considerable large close to φ = pi, only, with a min-
imum and maximum value before and after φ = pi for
LS ≤ 2ξM, respectively. This is indeed the reason why
the supercurrent gets reduced as B increases in the topo-
logical phase for LS ≤ 2ξM, see dotted and dashed blue
curves in Fig. 11(c). On the other hand for LS  2ξM
the contribution of all the levels within ∆2 exhibits a
sawtooth profile at φ = pi, which, instead of reducing
the quasi-continuum contribution (green curve), increase
the maximum value of I(φ) at φ = pi resulting in the
solid black curve. Importantly, unlike short junctions,
in long junctions the quasi-continuum modifies the I(φ)
around φ = pi. Thus, a zero temperature current-phase
measurement in a SNS junction setup could indeed re-
veal the presence of MBSs by observing the reduction
of the maximum supercurrent. In particular, well local-
ized MBSs are revealed in the sawtooth profile of I(φ)
at φ = pi. In what follows we analyse the effect of tem-
perature, variation of normal transmission and random
disorder on the sawtooth profile at φ = pi of the super-
current.
Temperature effects: In this part, we analyse the
effect of temperature on supercurrents in the topologi-
cal phase. In Fig. 13 we present the supercurrent as a
function of the superconducting phase difference I(φ) in
the topological phase B = 1.5Bc at different tempera-
ture values for (a) LS ≤ 2ξM and (b) LS  2ξM. At
zero temperature for LS ≤ 2ξM, shown by black solid
curve in (a), the dependence of the supercurrent on φ
approximately corresponds to a sine-like function of φ,
as pointed out before and a small increase in tempera-
ture κBT = 0.01 meV (magenta dashed curve) slightly
modifies the profile of the maximum supercurrent. How-
ever, for LS  2ξM in (b), the same temperature (dashed
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FIG. 13. (Color online) Finite temperature effect on the su-
percurrent I(φ) in a short (a,b) and long (c,d) SNS junction
at B = 1.5Bc for (left) LS = 2000 nm ≤ 2ξM and (right)
LS = 10000 nm  2ξM. Different curves corresponds to dif-
ferent values of κBT . Notice that the sawtooth profile smooths
out at finite temperature. Parameters: LN = 20 nm for short
and LN = 2000 nm for long junctions, αR = 20 meVnm,
µ = 0.5 meV, ∆ = 0.25meV and I0 = e∆/~.
curve) value has a detrimental effect on the sawtooth pro-
file of I(φ) at φ = pi that reduces its maximum value and
smooths out due to thermal population of ABSs. We
have checked that smaller temperature values than the
ones presented in Fig. 13 indeed still smooths out such
sawtooth profile but the fast sign change around φ = pi
is still visible: this effect remains as long as κBT  ∆. As
temperature increases, I(φ) in (a,b) smoothly acquires a
true sine function of φ, as seen in Fig. 13(a). Although
the sawtooth profile might be hard to observe in real ex-
periments, the maximum value of I(φ), which is finite in
the topological phase and almost halved with respect to
the trivial phase in short junctions,37 still provide a tool
for distinguishing it from I(φ) in trivial junctions.
Normal transmission effects: The assumption of
perfect coupling between N and S regions in previous cal-
culations is indeed a good approximation due to the enor-
mous advance in fabrication of hybrid systems. However,
it is also relevant to study whether the sawtooth profile
of I(φ) is preserved or not when the normal transmission
TN, controlled by τ, is varied.
Fig. 14 shows the supercurrent I(φ) in short junctions
at B = 1.5Bc for different values of τ for (a) LS ≤ 2ξM
and (b) LS  2ξM. By reducing τ the supercurrent
I(φ) is also reduced in both cases (a,b). However, for
(a) LS ≤ 2ξM it experiments a transition from a sudden
sign change around φ = pi to a true sine function of φ
when reducing τ, very similar to the effect of tempera-
ture discussed above. Notice that in the tunnel regime,
τ = 0.6, I(φ) is considerable reduced and approximately
zero. On the other hand, for LS  2ξM the sawtooth
profile at φ = pi is preserved and robust when τ is re-
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FIG. 14. (Color online) Effect of normal transmission through
coupling parameter τ on the supercurrent I(φ) in a short (a,b)
and long (c,d) SNS junction at B = 1.5Bc for (left) LS  2ξM,
LS = 2000 nm, and (right) LS  2ξM, LS = 10000 nm. Notice
that, although by decreasing τ the magnitude of the super-
current at φ = pi decreases, the sawtooth profile is preserved.
Parameters: LN = 20 nm for short and LN = 2000 nm for
long junctions, αR = 20 meVnm, µ = 0.5 meV, ∆ = 0.25meV
and I0 = e∆/~.
duced from the full transparent to the tunnel regime, as
seen in Fig. 14(b). Quite remarkably, in the tunneling
regime, I(φ) is finite away from npi for n = 0, 1, · · · , un-
like LS ≤ 2ξM presented in (a). The finite value of the
supercurrent indeed could serve as another indicator of
the non-trivial topology and thus of the emergence of
MBSs in the junction.
Disorder effects: Now we analyse the sawtooth pro-
file of I(φ) for B > Bc in presence of disorder. In particu-
lar, disorder is introduced as a random onsite potential Vi
in the tight-binding Hamiltonian given by Eq. (4), where
the values of Vi lie within [−w,w], being w the disorder
strength. This kind of disorder introduces random fluc-
tuations in the chemical potential of the system µ and
therefore reasonable values of w do not include w  µ.
In Fig. 15(a,b) we present I(φ) in short junctions at
B = 1.5Bc for 20 disorder realizations and different val-
ues of the disorder strength w. Disorder of the order of
the chemical potential µ has little effect on I(φ) as shown
by dashed curves in Fig. 15(a,b), where the behaviour
of I(φ) is approximately the same as without disorder.
This reflects the robustness of the topological phase,
and thus of MBSs, against fluctuations in the chemi-
cal potential.57,58 Stronger disorder (dotted and dash-
dot curves) reduce the maximum value of I(φ), though
its general behaviour is preserved. In fact, observe that
the sawtooth profile at φ = pi in (b) is robust against
moderate disorder w. We have checked that these con-
clusions remain even when we consider disorder of the
order of 5µ (not shown).
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FIG. 15. (Color online) Effect of random on-site scalar dis-
order on the supercurrent I(φ) in a short (a,b) and long
(c,d) SNS junction at B = 1.5Bc for (left) LS  2ξM,
LS = 2000 nm, and (right) LS  2ξM, LS = 10000 nm. Each
curve corresponds to 20 realizations of disorder, where w is
the disorder strength. Notice that for small w of the order
of the chemical potential, the sawtooth profile at φ = pi is
preserved (see right panel). Parameters: LN = 20 nm for
short and LN = 2000 nm for long junctions, αR = 20 meVnm,
µ = 0.5 meV, ∆ = 0.25meV and I0 = e∆/~.
IV. CONCLUSIONS
In this numerical work we have performed a detailed
investigation of the low-energy spectrum and supercur-
rents in short (LN  ξ) and long (LN  ξ) SNS junc-
tions based on nanowires with Rashba SOC and in the
presence of a Zeeman field.
In the first part, we have studied the evolution of the
low-energy Andreev spectrum from the trivial phase into
the topological phase and the emergence of MBSs in short
and long SNS junctions. We have shown that the topo-
logical phase is characterized by the emergence of four
MBSs in the junction (two at the outer part of the junc-
tion and two at the inner part) with important conse-
quences to the equilibrium supercurrent. In fact, the
outer MBSs are almost dispersionless with respect to su-
perconducting phase φ, while the inner ones disperse and
tend to reach zero at φ = pi. A finite energy splitting at
φ = pi occurs whenever the length of the superconduct-
ing nanowire regions, LS, is comparable or less than 2ξM.
Although in principle such energy splitting can be re-
duced by making the S regions longer, we conclude that
in a finite length system the current-phase curves are
2pi-periodic and the splitting always spoils the so-called
4pi-periodic fractional Josephson effect in an equilibrium
situation.
In short junctions the four MBSs are truly bound
within ∆ only when LS  2ξM, while in long junctions
the four MBSs coexist with additional levels which pro-
foundly affects phase-biased transport. As the Zeeman
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field increases in the trivial phase B < Bc, the super-
current I(φ) gets reduced due to the reduction of the
induced gap. In this case, the supercurrents I(φ) are in-
dependent of the superconducting regions length LS, an
effect preserved in both short and long junctions.
In short junctions in the topological phase withB > Bc
the contribution of the four MBSs levels within the gap
determines the shape of the current-phase curve I(φ)
with only little contribution from the quasi-continuum.
For LS < 2ξM, the overlap of MBS wavefunctions at each
S region is finite and the quasi-continuum contribution
is appreciable and of the opposite sign than the bound
states contribution, thus inducing a reduction of the max-
imum supercurrent in the topological phase. We found
that for LS  2ξM, when both the spatial overlap be-
tween MBSs and the splitting at φ = pi are negligible,
the quasi-continuum contribution is very small and the
supercurrent I(φ) is dominated by the inner MBSs. Re-
markably, we have demonstrated that the current-phase
curve I(φ) develops a clear sawtooth profile at φ = pi,
which is independent of the quasi-continuum contribu-
tion and represents a robust signature of MBSs.
In the case of long junctions we have found that the
additional levels that emerge within the gap affect the
individual MBSs contribution. Here, it is the combined
contribution of the levels within the gap and the quasi-
continuum that determine the full current-phase curve
I(φ), unlike in short junctions. The maximum super-
current in long junctions are reduced in comparison to
short junctions, as expected. Our results also show that
the maximum value of the supercurrent in the topolog-
ical phase depends on LS, acquiring larger values for
LS  2ξM than for LS ≤ 2ξM.
Finally, we have analyzed the robustness of the charac-
teristic sawtooth profile in the topological phase against
temperature, changes in transmission across the junction
and random on-site scalar disorder. We found that a
small finite temperature smooths it out due to thermal
population of ABSs. We demonstrated that, although
this might be a fragile indicator of MBSs, the fast sign
change around φ = pi could help to distinguish the emer-
gence of MBSs from trivial ABSs. Remarkably, the saw-
tooth profile is preserved against changes in transmission:
it is preserved even in the tunnelling regime. And finally,
we showed that reasonable fluctuations in the chemical
potential µ (up to five times µ) do not affect the sawtooth
profile of I(φ) at φ = pi.
Our main contribution are summarized as follows. In
finite length short and long SNS junctions four MBSs
emerge, two at the inner part of junction and two at the
outer ends. The unavoidable overlap of the four MBSs
gives rise to a finite energy splitting at φ = pi, thus ren-
dering the equilibrium Josephson effect 2pi-periodic in
both short and long junctions. Current-phase curves in
short and long junctions exhibit a clear sawtooth profile
when the energy splitting near φ = pi is small, therefore
signalling the presence of weakly overlapping MBSs. Re-
markably, current-phase curves do not depend on LS in
the trivial phase for both short and long junctions, while
they strongly depend on LS in the topological phase.
This effect is purely connected to the splitting of MBSs
at φ = pi, indicating a unique feature due to the topolog-
ical phase and therefore of the presence of MBSs in the
junction.
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FIG. 16. (Color online) Wavefunction amplitude |Ψ(x)|2 and
charge density |ρ(x)|2, given by Eqs. (A2) and (A3), respec-
tively, for different LS corresponding to the two lowest levels
(MBSs) in a topological superconducting nanowire. Param-
eters: αR = 20 meVnm, µN = µS = 0.5 meV, ∆ = 0.25 meV
and B = 2Bc.
Appendix A: Supplementary calculations
In this part we provide further calculations in order to
support our findings in the main text of our manuscript.
1. Superconducting wire
From Eq. (2) we can also calculate the wavefunctions
associated to the energy levels after diagonalization. Ac-
cording to the chosen basis of Eq. (2), it is obtained in
the following form
Ψ(x) =
(
u↑,i, u↓,i, v↑,i, v↓,i
)T
(A1)
where T denotes the transpose operation and NS is
the number of sites of the discretised superconducting
nanowire. Then, the BdG wavefunction amplitude is
given by
|Ψ(x)|2 = |u↑,i|2 + |u↓,i|2 + |v↑,i|2 + |v↓,i|2 . (A2)
Likewise, for the same price we can calculate the charge
density as it has been shown to provide useful information
regarding MBSs.62 It can be calculated by using the same
information of Ψ(x) and reads
|ρ(x)|2 = |v↑,i|2 + |v↓,i|2 − |u↑,i|2 − |u↓,i|2 . (A3)
Thus, the wavefunction amplitude and charge density
can be calculated after finding Ψ(x). Now, we calculate
them associated to the two lowest energy levels of the
topological superconducting nanowire. This is presented
in Fig. 16 for different lengths of the wire in the topologi-
cal phase, where left and right columns correspond to the
wavefunction amplitude and charge density, respectively.
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FIG. 17. (Color online) (a,c) Wavefunction amplitude |Ψ(x)|2
and (b,d) charge density |ρ(x)|2 in short junctions for (a,b)
LS ≤ 2ξM and (a,b) LS  2ξM, corresponding to the two low-
est levels (MBSs) in a topological superconducting nanowire.
Parameters: LN = 20 nm, αR = 20 meVnm, µN = µS =
0.5 meV, ∆ = 0.25 meV and B = 2Bc.
Observe that for LS = 2000 nm< 2ξM (top left panel)
|Ψ(x)|2 of the two lowest levels decay from both ends
into the bulk of the superconducting nanowire. Such lev-
els exhibit an spatial overlap, which is reduced as LS
increases (see bottom left panels). On the other hand,
when the spatial overlap of the Majorana wavefunction
is finite, the charge density |ρ(x)|2 develop an uniform os-
cillation pattern, predicted to be associated to MBSs.62
As LS increases, |ρ(x)|2 gets reduced and reaches zero
when LS  2ξM (bottom right panel in Fig. 16), sig-
nalling charge neutrality of the two lowest levels (MBSs).
2. SNS junction
In order to complete the analysis given in the main
text, in this part we provide additional calculations for
SNS junctions.
We firstly show in Figs. 17 and 18 the BdG wave func-
tions amplitude |Ψ(x)|2 and charge density |ρ(x)|2 of the
MBSs in short and long junctions. These calculations
are obtained following similar analysis as in the previous
section for the Rashba nanowire. Observe that MBSs are
localized at the ends of the S regions, exhibiting a consid-
erable overlap when LS ≤ 2ξM and a negligible one when
LS  2ξM. The associated charge density |ρ(x)| exhibits
uniform oscillations when the wave function overlap is
finite, while it acquires zero value when the MBSs are
located far apart, namely, for LS  2ξM.
Moreover, in Fig. 19 we also present the Zeeman de-
pendent low-energy spectrum for intermediate SNS junc-
tions. Observe that as one increases the length of the
normal region LN additional levels, coming from the N
region, appear within the induced gap. Also notice that
15
0
1
|ui|2+|vi|2
0
2
|ui|2-|vi|2
0
1
0
2
x10-3x10-2
LS=2000nm
LS
LS=10000nm
LS LS LSLN LN
(a) (b)
(d)(c)
FIG. 18. (Color online) (a,c) Wavefunction amplitude |Ψ(x)|2
and (b,d) charge density |ρ(x)|2 in long junctions for (a,b)
LS ≤ 2ξM and (a,b) LS  2ξM, corresponding to the
two lowest levels (MBSs) in a topological superconducting
nanowire. Parameters: LN = 2000 nm, αR = 20 meVnm,
µN = µS = 0.5 meV, ∆ = 0.25 meV and B = 2Bc.
FIG. 19. (Color online) Same as in Fig. 8 but for intermediate
junction. Parameters: LN = 400 nm, αR = 20 meVnm, µ =
0.5 meV and ∆ = 0.25 meV.
the SOC minigap, being the separation between the four
lowest levels and the rest of the energy spectrum, is re-
duced for the same reason. Notice that the low-energy
spectrum in the trivial phaseB < Bc is the same irrespec-
tive of LS, as seen in Fig. 19(a-d). The topological phase,
however, B > Bc is very sensitive to variations in LS.
The same effect remains for short, intermediate and long
junctions. This has been demonstrated to have crucial
influence on critical currents in short SNS junctions.37
